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ABSTRACT 


The Prouhet-Tarry-Escott Problem is a complex problem that still has much 
to be discovered. My goal for this masters thesis is to organize the known results in a 
systematic way and to provide further insight using original ideas. I also intend to show 
the proofs of my findings in order to provide the most rigorous and complete outline 
possible for the problem. Some of the proofs will use original ideas that I have developed 
with Professor Fejzié over the course of the year. 

Many results and problems in Number Theory are often easy to comprehend 
but difficult to prove. The Prouhet-Tarry-Escott Problem is no different. This problem 
is still unsolved in that there are no known methods for finding ideal solutions of size 
twelve or higher. The solutions to the problem are so difficult to find manually that 
many are obtained by extensive computer searches. This fascinating problem shows up 
in many areas of mathematics such as the study of polynomials, graph theory, and the 
theory of integral quadratic forms. In fact, its solution would not only put to rest an old 
problem in Number theory but would also make breakthroughs in these other areas of 


mathematical research. 
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Chapter 1 


Introduction 


The purpose of this research paper is to gain a. deeper understanding of a 
famous unsolved mathematical problem known as the Prouhet-Tarry-Escott Problem. 
The problem consists of finding two disjoint multi-sets of integers {@1,a2,---,@,} and 
{b1, b2,---, On} such that 


ai t+agt-:-+a, =b$4+63+---+b% fors=1,2,...,k - (1.1) 


When two sets of integers {a1,@2,---,@n} and {b1,b2,---,6,} satisfy (1.1) we use the 
notation [a1,42,°:',@n] = [b1,62,--+-,6,]. The number vn is called the size of the solution, 
while & is the degree of the solution. A simple example is [1,8, 8] = [2,5, 10], which has 
size three and degree 2. Note that 1+8+8 =2+5+10 and 17+87-+8? = 27+57+10?. 
This example will be used to illustrate some of the definitions that will be used throughout 
the paper. Note that in the example the size of the solution and degree differ by one. In 
general, when the degree of the solution and the size differ by one it is referred to as an 
ideal solution. The example mentioned above is an example of an ideal solution of size 
three and degree two. 

Ideal solutions are not the only solutions that have unique characteristics. So- 


lutions can also be symmetric. Symmetric solutions are of the form 


[T+a,...,2+am,T —h,...,0 —bml =x (+ 1,..., 0 + om, —a,...,T — am] 
when k= 1,2,...,2n 


or in the form 


[T+a1,...,L+am,F —a1,...,T — am] =p, (T+h,...,0+bm,T —b,...,T — bm] 
when k= 1,2,...,2n+1 


t 


Any solution not in either of these forms will be considered non-symmetric. An example 
of a symmetric solution is [0, 4, 7,11] = [1, 2,9, 10]. This is a symmetric solutions because 
it verifies the definition above. Let T = 3 we see that we get [3,7, 10, 14, 2,1, —6, —7] = 
[4,5, 12, 13, 3, -1, —4, —8]. Note any repeats can be cancelled out and we are left with an 
ideal solution [7, 10, 14,2, 1, —6, —7] =. /4,5, 12,13, —1, —4, -8]. 

In addition to ideal symmetric solutions there are even and odd ideal symmetric 
solutions. An even ideal symmetric solution of size n is of the form [+a1, iiss tas| =n-1 
[#b1, ey tbe , while an odd ideal symmetric solution of size n and with even degree n—1 
is of the form [a1,...,@n] =n-1 [—@1,...,—-@n]. These definitions will have implications 
for sine and cosine polynomials on the unit disk. 

The Prouhet-Tarry-Escott Problem has seemingly easy criteria to satisfy, how- 
ever ideal solutions are difficult to find. There are currently only ideal solutions for degree. 
eleven and smaller, excluding ten for which there is no current known solution. The fol- 
lowing is a list of the smallest ideal solutions currently known [Bor02]. The solutions 


of degree eight and nine have two different but inequivalent solutions, i.e. solutions not 


dependent: on another. In addition, all of the following solutions are symmetric as well. 


[£2] =; [+1] 
[-2, -1,3) =2 [2 1,-3] 
[-5, —1,2,6] = [-4,—2,4, 5] 
(8, 7. 1,8, 9] =a (8,7, =1, 8, 9} 
(1, $11, £12] <5 (+4, £9, +13] 
[-50, —38, -13, —7, 24, 33, 51] <5 (50, 38, 13, 7, —24, -33, 51] 
(15, £14, £93, +24] =y [£2, +16, +21, +25] 
[-98, —82, —58, —34, 13, 16, 69, 75, 99] =g (98, 82, 58, 34, —13, —16, —69, —75, —99] 
(174, 148, 132, 50, 8, -63, —119, 161, —169] <s [-174, —148, —132, —50, —8, 63, 119, 161, 169] 
[£99,-+100, +188, +301, +313] <9 [+71, £131, +180, +307, +308] 
[+103, £189, +366, +452, £515] =g [+18, +245, £331, +471, +508] 
(+151, +140, £127, +86, +61, £22] =) [4:148, +146, £121, +94, +47, +35] 


These solutions show the extent of the currrent known ideal solutions. The 
solutions are the most concise to this date, however they are a result of a collaboration 
of many mathematicans. The next chapter is dedicated to the history of the Prouhet- 
Tarry-Escott Problem, more specifically the work before the 1920’s. The majority of 
the material for this section will be taken from Leonard Eugene Dickson who published 
a book History of The Theory of Numbers, which includes a thorough account of the 
problem and its origins [Dic66]. 

The list of ideal solutions above is relatively short considering the amount of 
time spent on the problem. This paper will include a list of these ideal solutions and the 
corresponding general formulas used to find them. These formulas will be referred to as 
parametric equations. In order to find these parametric equations we will reference Peter 
Borwein’s Computational Excursions in Analysis and Number Theory and. Jack Chernick 
Ideal Solutions of the Tarry-Escott Problem [Bor02, Che37]. Examples will also be used 
in order to clarify the method used to find these solutions. 

Finally, the last chapter will include original ideas on the problem. The work will 
include a combinatorics proof that. will reduce the upper limit necessary to find solutions. 


This proof will be given in its entirety and will include examples. 


Chapter 2 


The History 


The solutions and interest for Prouhet-Tarry-Escott Problem is not credited to 
any one person, rather a collection of mathematicians. Many mathematicians devoted 
their time to this problem beginning with finding a general solution for degree two. One 
of first more notable mathematicians to work on this problem was Goldbach. In 1750, 
Goldbach wrote a letter to Euler about his findings of the first general solutions of degree 


two, 


fa+b+datet+d,b+c+d,d =o lat+d,b+d,c+datbic+d (21) 


for any a,b,c andde Z 

Clearly there are infinitely many solutions in this form but the size of these solutions are 
four which is not ideal. One year later Euler wrote Goldbach back with a slight alteration 
to (2.1); he found by setting d = 0 the resulting equation will still form a parametric 
solution, i.e. [@+6,a+¢,b+ ¢] = [a,6,c,a+56+c¢]. For example, ifa = 3,6 =5,c=7 
we get [8, 10, 12] = [3, 5, 7,15]. This shows the beginning of the problem we know today, 
however it differs in that the size on the left is not equal to size of the right. The size of 
the solutions will later become more important as the research continued. 

In 1851, Prohout was the first to prove how the size of the set related to the 
degree of the solution. He noted that the first n7 numbers, {1,2,3,...,n7} can be 
separated into n sets each with n™~! terms such that the sum of the k powers of the 
terms is the same for all sets k < m. For example, when n = 3 and m = 4 means the 
numbers 1,...,81 are separable into 3 sets each of size 27. The sum of these sets are 


equal for all degree less than or equal to 4. This result gives an upper bound to the size 


of the set in relation to the degree. That is given a degree k then a solution can be found 
with size 2”—1, when n = 2. 
Later in 1861, Pollock found an parametric equation of an ideal solution of size 


three and degree two. 
la,a+b,a+2b+ 3c] =2 [a-—c,at+b+2c,a+ 2b+4 2c] for any a,b,c € Z. (2.2) 


We can illustrate by letting a = 7,b = 4,c = 3 then the solution [7, 11, 24] = [4, 17, 21] 
is produced. It is now clear that for degree two there are infinitely many ideal solutions. 

Other mathematicians followed Pollock and continued working toward finding 
properties of second degree equations. In 1906, A. Gérardin found that 2° + y? + 2 = 
(a+ 13 + (y—2)3 +(z4 1) is equivalent to Az + Az = (y—1)?, where A; = x(x +1)/2. 
He found picking A, = 1,3,6,10,15,... produced values of z’s < 100. One particular 


solution was produced when « = 1,y = 12,z = 15. Using these numbers we get 


13 + 123 + 153 = (2)8 + (10)3 + (16)% 
but 1? + 12? + 15? # (2)? + (10)? + (16)? 
1+124 15 = (2) + (10) + (16) 


This is not a solution to the Prouhet-Tarry-Escott Problem because it does not work 
for all the degrees less than or equal to three but the sums for degree two differ by ten. 
Gérardin noticed that if you pick two solutions like the one shown above, where the second 
degree differs by some square m? then they can be manipulated in such a way to get a 
complete solution to the Prouhet-Tarry-Escott Problem. For instance, if you multiply 
the numbers of the first solution by m and add it to the second solution you can get new 


solutions. Using the method described you can produce the following solutions: 


(2, 4, 20, 22, 33] =3 [1, 6, 16, 26, 32] 
[1, 4, 12, 13, 20] =3 (2, 3, 10, 16, 19] 
(3, 4, 15, 20, 23, 26] =g (2, 5, 17, 18, 22, 27| 
(2, 6, 30, 46, 53, 73] = [3, 4, 34, 44, 51, 74] 
(2, 6, 44, 58, 63, 91] =3 (1, 8, 40, 60, 65, 90] 


Solutions of this type gave Gérardin the information he needed to find parametric equa- 


tions for degree three and five. 


[l,m + 3, 2m — 2,4m + 2,5m — 3,6m — 1] 
=3 [2,m —1,2m +3, 4m — 3,5m+ 1,6m — 2| 
[z,o+3,2+5,2+6,24+9,24+10,¢+12,2 +15] 
=5 @+1e+2,¢+4,2+7,24+8,0+11,44 13,24 14] 
Gérardin continued his work for another two years and his worked inspired Tarry and 


Escott to pursue parametric solutions of degrees greater than three. 


In 1908, Escott showed he could find not. one, but all the solutions of the sets in 


Ya yu and Sie? =Sry (2.3) 


i=1 t=1 


the form: 


for n = 3. He did this by substitution and reducing the problem to solving two unknowns 
rather than n of them. The equation reduced the number of terms necessary to solve for 
and resulted in the following, X? + X1X_ + X$ = Y?7+YiY2+Y/. Using this simplified 
equation, Escott let N be any number whose prime factors are of the form 6n -+- 1 or 3 
and any square factors in common to X1, Xo, Yi, Yo. The solutions would then be N in 
the form x? +- sy + y?. Later in 1912, H.B. Mathieu gave a general solution to (2.3) for 
n= 3, i+ (ab+ ac), i(1 — bd) + gab = ae, led + 1) = ab — gae. 

In 1912, G. Tarry built upon the work of another mathematician, M. Frolov, 


who found that if Soak = sr and ye = Scat, then de +o)* = se + d)*. 


Frolov correctly found that there exists deal solutions for degtee two, but thought more 
than four terms were necessary for an ideal solution of degree three. Tarry generalized 
this idea of size and degree and stated that the first 2"(2a +1) integers can be separated 
into two sets of integers with size 2"—'(2a + 1) and degree ¢ for t = 1,2,...,n. For exam- 
ple, let a = 1 and n = 3, then the first twenty-four integers can be separated into two sets 
of integers each of size 12 with degree 3. Using these conditions the following solution 
is produced, [1,3, 7,8, 9,11, 14, 16,17, 18, 22,24] =s [2,4,5, 6,10, 12, 13, 15, 19, 20, 21, 23]. 
E. Miot, in 1913, found a similar result to Tarry. He found that any 2"(2e + 1) num- 
bers in arithmetical progression can be separated into two equal sets having the same 
sum for the tth powers for ¢ = 1,2,....7 ifa > 0 and > 1. However ifa = 0, 


then it is only true for degree 1,...,n —1. Using the same example above we get 


[a,a+ 2r,a4+ 6r,...,a+ 23r] =3 [a+7r,a+3r,...,a+22r]. Tarry noted that the num- 
ber of terms in each set of the equation is 2k — d. This occurs if & is the number of 
terms in each member of the given equation and x is expressible in d ways as a dif- 
ference of two numbers that belong to the same set. For example, given the solution 
[1,5, 10, 16, 27, 28, 38,39] =¢ (2,3, 13, 14, 25,31, 36,40] we see that if « = 11 then we 
can manipulate the set so that each member in the set will have a difference of 11, 
ie. 11 = 16-5 = 27-16 = 38 — 27 = 39-28 = 19-2 = 14-3 = 25-14 = 
36 — 25. By taking z to be 11, we get that d = 8 and the following solution is produced 
[1,5, 10, 24, 28, 42, 47, 51) =7 (2,3, 12, 21, 31, 40, 49, 50). 

Later Tarry also found that if t = 2(a +6+c) the following solution can be 
found [a, b,c] =2 [tf — a,t — b,t — c]. Tarry referred to this as the double property. He also 
found that for some z, [a,b,...,h] =n [p,q,...,¢] implies [a,...,h,p+2,...,6+ 4] =pqi 
[p,-..,t,a@+2,...,h+2]. This is a property that will later be proved in the properties 


section. Applying this lemma he found a solution of degree five 


[6a — 3b — 8c, 5a — 9c, 4a — 4b — 3c, 2a + 2b — 5c, a — 2b — 5e, a — 2b+ «, B 
=s (6a — 2b — 9c, 5a — 4b — 5c, 4a + b — 8c, 2a — 3b, a + 2b — 3c, ¢] 


Later Tarry republished this result and found that given Ay,..., A, =2n Bi,...,B, and 
A; + Ag_; = 2h = B; + By_; implies Aj,..., Ay =en41 Bi +...,B. These equations 
are subtracting an A from every term of the given equation as opposed to adding like the 
earlier proposition. 

Mathematicians L. Bastien and A. Aubry each contributed work of a different 
kind. In 1913, Bastien proved that it is impossible for a solution to be in the form 
[1,---,2n] =n [y1,---5¥n) unless the zis do not form a permutation of the ys. Alterna- 
tively, Aubry proved new as well as known solutions for the first and second degree. He 
also proved the impossibility of a solution of the form [x,y,] = [t,u,v,]. The work of 


these mathematicians began the work of ideal solutions and when such solutions exist. 


Chapter 3 


Ideal Solutions 


Recall that an ideal solution is when the size of the solution and the degree differ 
by one. Ideal solutions are the most difficult to find; over the past 100 years there are 
still only 13 known ideal parametric solutions. We now present the first 10 parametric 
ideal solutions. [Che37] | 

The general solution for the second degree was already mentioned in the previous 


section. The solution was of the form 
[AD+k,AG+ BD+k, BG +k] =. [AD+ BG4+ K,AG+k, BD +k). (3.1) 


To illustrate an example of this solution let A = 3,B = 7,D = 8,G = 2, andk = 0. 


Using these numbers we get the solution 


(24, 62, 14] 2 [38, 6, 56] 
ie. 244+62414=3846+56 = 100 
242 4 62? + 142 = 38? + 6 +56? = 4776 


The parametric solution of the third degree can be found rather easily under 


certain conditions. The general formula for the third degree is 


[a1, @2, -@1, —a2] =3 (bi, b2, —b1, —be] (3.2) 

or ) 
[May +k, Mag+ kh, -Ma, + k,-—Mayg + kj =9 [Mb 4+-k, Mbo +k, —-Mb, + k, —Mdz +k] 
(3.3) 


This equation is only true when a1, a2, bi, be satisfy a? + a2 = b? + bg. This occurs when 


a, = pip2 + p3pa bi = pip2 — p3p4 
@2 = P1P3 — pep4 bo = p1p3 + Deda 


This parametric equation will produce all the integers solutions. One possible integers 
solution can be produced by letting py = 13, po = 10, p3 = 3, and py = 5. Picking these 


as our p's then: 


a, = 180+ 15 = 145 b) = 130-15 =115 
@g = 39 —50 = -11 be = 39+ 50 = 89 


So the solution (145, ~11, —145, 11] =3 [115, 89, —115, —89] satisfies all conditions. (Che37| 


Parametric solutions for the fourth degree begin by assuming that 
[a,a + 2k, —a, —a — 2k] =z [b, k, —b, —k] 


is a solution for degree three. Applying a proposition that will be discussed in the next 


section we get the general formula for degree four. 


[@1, @2, 3, @4,@5] =4 [—a1, —@2, —a3, —a4, —as5] (3.4) 


where a; = (m?, ~2n?, —m? — mn + 2n?, -m? + mn + 2n?,m? — 2n”). This parametric 
solution was based upon a solution for degree three, if that. solution was changed then so 
would the solutions for the fourth degree. For instance if the third degree solution was 
changed to [—3k, —k, k, 3k] =3 [u, v, —u, —v], then 3.4 holds but under the conditions that 
ag = (—2m? — 2n?, —m? + mn + 2n?, -3mn + n?,m? + 3mn, 2m? — mn —n*). Letting 
m = 2 and n = 8 we see that the first condition produces [4, —128, 108, 140, -124] =, 
[—4, 128, —108, —140, 124]. However using the second solution for degree three we get the 
solution [-136, 140, 16,52, —-72] =4 [136, —140, -16, —52, 72]. Note that using the same 
parameters we get different solutions, in general this will hold for all values of m and n. 
[Che37] 

Borwein also has a parametric solution for fourth degree equations. His solution 
is only one-parameter which is an advantage over Chernick. His solution is presented 


below. 
[2m?, —1, 2m? — 1,-2m? +1—m,-2m?+m+1] 


=4 [-2m?,1, -2m? +. 1,2m? —1+m,2m? —m—1] 


10 


To illustrate this solution let m = 3. Then [—18, 1, -17, 20, 14] =5 (18, -1, 17, —20, —14]. 

In ’Ideal Solutions of Tarry-Escott Problem” (Che37], Chernick has a parametric 
solution for the fifth degree. Since then another parametric solution was published in 
"Computational Excursions in Analysis and Number Theory” [Bor02]. For the remaining 
degrees we will continue showing both solutions to see the contrast over the years. We 
will begin with the fifth degree. 


[a1, 02, 43, —@1, —a2, —a3] =5 [b1, b2, 63, —b1, —b2, —b3] (3.5) 
where 
a, = —5m? + 4mn — 3n? by = —5m? + 6mn + 3n? 
ag = —3m? + 6mn + 5n? bo = —~3m? — 4mn — 5n? 
az = —m? —10mn — n? b3 = —m? + 10mn — n? 


Applying this: equation we see that we can get a solution if m = 2 and n = 3. We get the 
ideal solution [—23, 69, —73, 23, —69, 73] =5 [43, -81, 47, —43, 81,47]. The correspond- 
ing solution by Borwein is as follows, 
[+(2n + 2m), +(nm +n +m — 3),4(nm—n-m — 3)] 3.6) 
=, [+(2n — 2m), +(n —nm — m — 3), +(m— nm —n-— 3)| 
Let n = 4 and m = 5 and we get the symmetric solution [+:18, +26, +8| =5 [+2, +24, +29}. 
As in the previous solutions Chernick begins by assuming a solution to the 
previous degree (3.5). This specific solution is not parametric but infinitely many solutions 


can be found using the recursion formula. Chernick begins this solution by letting 


ai =a bi =k 
ag =a+2k bg = 3k 
ag=b bg = b+ 2r 


We can now assume these parameters hold for the sixth degree therefore, then the fol- 
lowing holds. 

a? + (a+ 2k)? +B? = k* + (3k)? + (b+ 2r)” 

a” + (a+ 2k)* + 64 =k? + (3k)4 + (6+ 2r)4 


11 


These two equations can be rewritten in terms of M,r, and Q. More specifically the 
second degree can be rewritten as a? + 2ak—3k? = 2Mr, b = M—r, at+k = 2Q while the 
fourth degree can be rewritten as M? — Mr+r? =7k*. This equation has a parametric 


solution of 
k=m?+mn+n? r =m? + 6mn+2n? M = —2m? + 2mn +t 3n? 


Using these variables we can substitute them into the second degree equation to get 


2Q? = n(n + 2m)(2n + 3m)(4n —m). Substituting once more where 


Q = 211 ugugug n= Qui n+ 2m = Aue 


2n + 3m = us 4n—m=ui 


This final substitution yields 9u? — 2u2 = uZ and u? + 6u3 = uz. Letting wu; = 1 and 


ug = 2 we obtain an non-trivial solution for the sixth degree. 


[%1,29,---, £7] =, (21, 2Q,..-,27] (3.7) 
where 
a1 = —134 tq = —75 x3 = —66 t4=-8 
w= 47 r= 87 7 >= 133 


Assuming a different solution of the fifth degree we see that we can get infinitely many 
solutions using this method. 
Borwein has a purely parametric solution for the sixth degree. His solution is 


also of the form (3.7), however his xs are found by two parameters. 


wy = (377K ++ PG — kj +k?) ag =(G+k)(G— kG? — Bhi + F?)5 

wy = (j — 2k) (9? + kj — kg wa = —(j — kf? — kj — b)(—k + 29)k 
ws = —(j—k)(-2hj2 +94 —G7k? + kt xg = (94 — Akg? + §?h? + 2h75 — hs 
ar = (j* ~ 4kj? + 597k? — k4)3 


One example of a sixth degree solution where. j = 3 and k = 4 yields, 


[221, 231, —300, —152, —23, —316, 339] =5 [—221, —231, 300, 152, 23, 316, 339] 


12 


The most basic solutions for degree 7 are of the symmetric form. The generic 


solution is of the form 


[a1, way Gy TO]geesy —aal =7 [d, tae , 04, —hy, nay —b4] (3.8) 
It is clear that this equation is equivalent to finding a,’s and ,’s of the form, [a1,...,a4] =, 
[b,,..., 64] for k = 2, 4,6. We can find that one possible solution for the previous equation 


is 
[u—7w,u —2u + w,38ut+ w,3u-+ 2u + wl =, [ut Tw, u— 2u — w,3u — w, 3ut 2v— | 


We see that this equation can be reduced to u? + uv + v? = 7w?, which a parametric 
solution was given earlier for the sixth degree. One example leads to the following solution 
[7, 24, 25, 34] =, (14,15, 31,32]. Now this yields the actually solution for degree seven, 
[7, 24, 25,34, 7, -24, -25, -34] =, [14, 15,31, 32, 14, 15, -31,—32]. Borwein states 


this solution more directly by immediately giving the parameters for (3.8). 


ay = 5m? + 9mn+ 10n? by = 9m? + Sian + 4n? 
aq = m? — 13mn — 6n? bo = m? + 15mn + 8n? 
ag = 7m? —5mn — 8n? bs = 5m? — 7mn — 10n? 
a4 = 9m? + 7mn — 4n? ba = 7m? + 5mn — 6n? 


The rest of the solutions will be those given by Borwein. Chernick ended his 
parametric solutions with degree seven and there are still no known parametric solution 
of degree 8. There are two non-equivalent symmetric solutions, they are, 

[—98, —82, —58, —34, 13, 16, 69, 75, 99] 

=g (98, 82, 58, 34, —13, —16, —69, —75, —99] 

(174, 148, 132, 50, 8, -63, -119, -161, —169] 

=g [—174, —148, —132, —50, —8, 63, 119, 161, 169] 


The parametric solutions for degree nine are also symmetric. Borwein attributes 


the solutions to Letac, who found them using rational solutions on an elliptic curve. 


[ax, 226345, —GQ]y-6. ,—as] =9 [b1, eae _ bs, —by, aany —bs} (3.9) 


where 


ay = 4n+4m 
ag=mn+n+m-— 1) 
a3 =>mn—n—m-—11 
a4 =mn+ 38n—-—3m411 
ads = mn —3n+3m+11 
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bi = 4n — 4m 

bo = —mn+n—m-—-11 
bg = —mn—n+m-—I1l 
ba = —mn+ 3n+3m+11 
bs = —mn — 38n — 3m+ 11 


The final two ideal solutions that will be discussed currently do not have para- 


metric solutions. More specifically, not only are there no known ideal solutions for 


the tenth degree, there are ‘no solutions altogether. As for degree 11 there is only 


one ideal solution where all the entries are less than 1000. That particular solution 
is [+151, +140, 4127, £86, £61, +22] =11 (4148, +146, +121, +94, +47, +35]. 
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Chapter 4 
Basic Properties 


Ideal solutions are the most sought after solutions and as the previous section 
established there are only a small number of parametric ideal solutions. The exact method 
by which these solutions were produced was overlooked but Chernick often found them 
using previous solutions and applying simple properties. This section will list those simple 
properties he used to find those ideal solutions as well as a corresponding proof for each. 
However we will begin this section with a congruence statement for the Prouhet-Tarry- 
Escott Problem. The Prouhet-Tarry-Escott Problem can be expressed many ways, one of 
which is in terms of polynomials. In a definition above, it was noted that certain solutions 
can be expressed as sine and cosine polynomials, i.e. even and odd ideal symmetric 
solutions. The following theorem will establish the relationships between the Prouhet- 


Tarry-Escott: Problem and the polynomials it represents. 


Theorem 1. The following are. equivalent: 


a) Sal = S24! for j=1,....k-1 
i=l 


i=1 


b) deg (Te — a) - [te — a9] <n-k 


i=1 i=1 


Tt Tt 
ce) (z~ 1)*|S > 2% — So 2 
i=1 i=l 


Proof. (a) = (8) 


7 
Assume ai = S_ Bi for j= 1,...,4—1. By definition, 


n 
i=1 i=1 
Oy + Ag +e. On = By + By +..-+ Bp 
+ A +..+ B 
tobteh Poe EH E teed, 
Ce i ie, i ae 


a? + af +...+ a 


Let p(x) and g(x) be polynomials of the form: 


p(x) = (x — a1)(@ — ag) +++ (% — On) 
= [a + eye") + con 72 + te] 
q(z) = (x — 1)(x — Be) +++ (x — Bn) 
= [a” + dye) + doe”? +... + dp] 
then p(x) — g(x) = fa” + ca") + con"? +... + cn| 
— [x + dye"? + doo”? +... + dn] 


Let 
a=—> a 83 = ay tagt+...+ ay, 
c2 =) aia, sp=afzt+agt+...tae 
ij 
Cn =>) ox Shk-1 = ak} + ok-1 4... 4+ ak-1 


Similarly for d;. Let 


dp =— > By t= fit Bat... + Bn 
dy = S° BiB; to = BU + AR+...+ Br 
rat] 


dn = S~ Br te-1 = BP + By t+... + 6e" 
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By Newton’s Identities, we know that we can express each coefficient in terms of a and 


8. For the first degree we get: 
site, =0 ti +d, =0 
ci = —$1 dy = —ty 


But by assumption, s,; = ¢; and so must —s; = —t,. Therefore c; = dj. 
Applying Newtons Identities again we can the following relationship between s 


and c. 


So + €181 + 2cg = 0 to + dit, + 2d, = 0 


ae — (82 + c181) sath — (te + dyt1) 


By the previous identity we know that cis; = dit; and se = t2 by assumption. Therefore 
co = do. 
We can continue using Newton’s Identities to show that c; = d; for eachi < k—-1. 


Referring back to 

p(x) — g(x) = [x* + ea" + eye? +. + Cn] — [” + dye" + doz”? +...4+ da] 
we see that every term will cancel till the k -1 term. The term after the last cancelation 
is of the form c,@"—* and d,x”—* respectively for p(x) and q(x). Therefore we get the 
fact that deg[(c,px"—* +... +n) — (dya"-* +...+da)] <n —, which is precisely part 
b of the theorem. O 


Proof. (a) => (c) 


nr 


n 
Assume Soa = S08 for j= 1,...,k-1. ie, 


i=1 i=1 
Oy, + A +...+ A = By + fy +...+ By 
of + af +...4 a = 62 + OB +...4 
4b Pie SS ae ape 
at} + as} +...+ ok—1 = ie + o> t...t peo 
Let p(x) be a polynomial defined as 


plz) = dpa — Dla 


t=1 t=1 


= (2% + a2 apes +) a (a + gfe + +++ + ahr) 
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Taking the derivative of both sides of the equation yields 
p (a) = (aye) + aga! $+ + ome?) = (Bye) + Pye hl +... + Baan) 
Note when z = 1, 


p (2) = (a4 tag++++ +n) — (1 + Bo +++: + Bn) 


nm n 
By assumption, So ai = S| Bi for j =1,...,4—1. Therefore p/(1) = 0. 
t=1 i=1 
Taking the derivative again yields 
p(x) = ye 04 (0% _ 1)2%-? _ S~ Bil Bi _ 1) ai? 
i=1 i=1 


When x = 1 we get 


p'(1) = S aioe — 1) — So Bi(B: - 1) 


i=l i=1 
Tr n n nr 
= Soe -Soa- eke A 
i=1 i=1 t=1 i=1 


nr n. nm n 

But by assumption, So = So Bi and ws = >> Be. So we get that p’(1) = 0 as 
i=1 i=1 i=1 i=l 

well. 


Taking the derivative a third time yields 


p'( => aj (0% — 1)(a; — 2)a%-3 — 5 Bi(B. — 1)(B; — 2)a*-* 


a i=l 
pi" => oy(a4 — 1)(a4 — 2) )- 35 BB: — 1)(8; — 2) 
j=1 t=1 
Sr aa +2 a ya +a s-2 08 
t=1 i=1 ae 


But by assumption, s oj = 5 6.5703 ag = -¥ 8? and Yat ae = a ore These equations 


i=1 i=. i=1 
hold true even with a constant. So we get that pt" (1) = 0. as wall. 


18 


This is true for all derivatives up to k — 1. When we take that derivative we get 
n 
pe (a) = So aslo _ 1) saci (a; = (k = 2))a%—(-1) 
; i=l 


= S> Bi(Bi -1)...(8:-(k- 2)) ai (k-D 
i=1 


nm 


= pP*(1) = So ai(as — 1)... (as — (& - 2)) 


i=1 
n 
— 35 Bi(8: — 1)... (Bi — (& — 2) 
é=1 
As seen in the previous examples multiplying out the terms will result in a constant in 
front of each term but the assumption will hold and will result in p*-1(1) = 0. 


By the Taylor Series we can write p(x) in the form 


p(x) = ag + ay(a — 1) + a9(@ — 1)? +... + @n_1(@ — 1)? + ag(e — 1) +... + @a(e — 1)" 


where 
ag = p(1) =0 
a, =p'(1)=0 
tf 
1 
a =o 
k-1 
po Up 
= Gen 


Thus we can rewrite p(x) as 


p(t) = ag — 1)* + agga(a— 1)8** +... 4an(e 1)" 
= (x —1)* [ar + anya(e—1) +... +an(k- Vs 


Now let m = a4+an4i(2—-1)+...t+an(k—-1)"—* so that p(w) = (2—1)*m = (2—-1)*|p(x) > 
n : rr 


(x — 1)*|S° aot ye 
i=l 


i=1 


ai 
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Proof. (c) > (a) 
n n n nr 
Assume (a# — 1)*|S > 2™ - Soe Then ye — ee: i= (g@—1)*m. Let m = 
i=1 


i=1 t=1 i=1 


ay, + Ongi(Z—1)+...+an(k - 5 gee Then 
(2 —1)*m = («# — 1) [ax Lacale= Deas De 
= a4 (2 — 1)* + Anyi (xz -_ hit ae +...+4n(a — 1)” 


Define p(x) as p(x) = ag (a — 1)* + aggi(e — 1841 4+...4+ an(z — 1)". Every polynomial 


can be rewritten using the Taylor Formula with c= 1. 


ao = p(1) = 0 = p(l) =0 
a, = p'(1) =0 = pi(1) =0 
=— p'(1) =O fy 
a2 = 5 = =>p (1) =0 
a) 


0 => p11) =0 


Te n 
By assumption p(x) = S gti 3 2. So, 
i=1 


t=1 


p(1) = S\(1)% — So) =0 
i=1 i=1 


= a = 
t=1 i=1 


pl)= S> on (1)%-} = (yt =0 


i=l 
ca Ya = yA 
pi) = y 04 (a4 — 1)(1)%-? — date —1)(1)8'-? = 0 
a Yala == yal —-1)=0 
=a -Da-Daes ya =0 
= i= i=1 i= 
> su = 3: 
i=l i=1 


Similarly, for derivatives up to & — 1 will yield, 


pe*(1) = oe —1)... (aj — &+2)(1)%-#+1 


i=1 
— S~ Bi(8i — 1)... (Bi — B+ 2)(1)P-*t = 0 
i=l 
= So ai(ai— 1)... (01 +2) — 3° Bi(Gi - 1)... (Bi -— +2) 50 
i=1 i=1 
= Soap? —¢cy Soa? Soke Ee 
i=l i=1 i=1 


n n = 
+ Sop t ta SBF? +... + cK-1 >> Bi =0 
t=1 i=1 


- - i=1 
=> Saf} = So ak 


i=1 i=l 
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nr n 
Putting together the results of these derivatives we get precisely (1), Ss) at = S> 63 for 


i=l t=1 


jal,...,k—-1. oO 


Proof. (b) => (2) 


Assume deg [[¢ —aj)—- [[« — B:)| <n—k. Let p(x) and. q(x) be polynomials of the 
j=1 i=1 
form: ; 
P(x) = (2 — a1)(a — a2)- ++ (@ — an) q(x) = (@ — Bi)(" — B2)---(% — Bn) 
= [x” + ea? + coe * +... + en] = [2" + dja?) + dga™* +... + dy] 


Then our assumption can be rewritten as 
deg [(a™ + cya + con”? +... + en) — (2* + dw™™? + daa”? +... 4+-dn)] S<n-—k 


Since the degree must be less than or equal. to n — k the terms up to n — & must cancel. 


Therefore 
gt = gt 
ea") = dye? >c = d, 
eg”? = don”? => co = do 
Cy 10" FD = dy yg FD) => Ch-1 = dh-1 


We can use Newtons Identities in order to rewrite each term. 
For the first degree, where s,c are coefficients for p(x) and t,d are for q(x). 
sy +c =0 #4, +d, =0 


> 3,=-c, >t1=-d 


nr nr 
However, we saw that c; = d| => $1; = t,. So we get S> a= SS eke 


i=1 i=1 


82 + C181 + 2c, =0 to + dit] + 2dp =0 


=> 829 = —C181 — 2c2 => to = —dyti — 2do 
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By the previous identity we know —c,s; = —d tl and by assumption ae dz. So we get 
—2c) = —2d2 which means that s2 = to. Which mens that } a7 = 5» A. 
; a i=1 
This will continue for s,_1 = t,-1. So Ss; ad — Sa for 7 = 1,...,4—1 which 
is precisely (1). ox = Oo 


The previous theorem showed how the original Prouhet-Tarry-Escott Problem 
can be reduced into equivalent statements regarding polynomials. The first form is the 
most used version and because of this many properties have been discovered in order to 


help distinguish equivalent solutions from one another. 

Proposition 1. Jf [a1,a2,...;@m] =k [b1, b2,..., 0m] fork =1,...,n then 
[Say +T, Sag +T,...,Sam+T] =~ (Shi +7, Sb2+T,...,Sbm +T| 

fori ath 


Proof. Assume [a1,@2,...,@m] = [b1,2,-.-,4m] for & = 1,...,n. 
When k = 1, by the addition and multiplication property of equality we get the two 


equivalent equations: 


1, 02,.--,@m = by, ba,...,bm 


=> (Sa, +T)+...+ (Sam+T) = (Sb, +7) +...+ (Sbm +7) 


Need to check when & = n the equation (Sa, +7T)"+...+(Sam+T)” = (Sb) + T)" + 
...+(Sbm +T)” will hold. The left hand side of the equation yields: 


uis-[(p)soi()oar-r=.+ (> 
gels (3) (Sam)" + (7) (Sam)"OT +... (") | 
= IG) (S)"(a1)" + & (S)"Ma)" IP +4 ...4 (") r + 
nce (6) (S)"(am)” + ) (S)°"ag)P OT +t Ga) 


= (o}s" fap +...+ar]+ (T) ser [ap tt... tam} 4i..+ (";) mr" 
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Similarly on the right hand side of the equation we get 


(5) S" [bP +... FOP] + & SOOT bet ae | aust ("mr 
. Since S and T are integers and by assumption we get the desired equality. O 


A consequence of this proposition is the standard form of a solution. Standard 
form of a solution is when the sum of the a terms and the sum of the b terms is zero. 
This is considered an equivalent solution to the original solution. For example, take the 
solution [0, 4, 7,11] =3 [1,2,9, 10]. To the find the correct 5,7 € Z we set one side equal 


to zero, 


LHS =(M-0+K)+(M.4+K)+(M-7+K)+(M-114+K)=0 


22M + 4K =0 
4K = —22M 
—11 
K= aM 


Referring back to the original solution (0, 4,7, 11] =3 [1, 2,9, 10], we need to multiply each 
side by 2 and then subtract each number by 11. Multiplying each term by two yields 
(0,8, 14, 22] =3 [2, 4,18, 20]. Finally subtracting each term by 11 gives the standard form 
which is [—11, —3, 3, 11] =3 [—9, —7,7, 9]. 


Proposition 2. Jf [a1,a2,...,@m] =x [b1, b2,.--,m] fork =1,...,n then 
[Qa -- + Qn, 01 +T,...,8n +7] =k [b1,.--,0m,@, + 2,...,@m+T] 
fork=1,...,n+1. 


Proof, Assume [@1,@2,...,@m] =x (61, b2,..., 0m] fork =1,...,n. By proposition 1, if we 
set S = 1 we get 
la, +7,...,@m +7] =~ [a +7,...,8n +7} 
for #& =1,...,n. 
When k=1, we see that using property 1 as well as the addition property we get: 
ayt...t¢adm=04+...+ 5p 
(a, +T)+...+ (am +7) = (+7) +...4+ (bm +T) 
Sayt...¢amt(b tT) +...+ (6m tT) = bi +...tbm+(ait+T),...,(@n+T) 
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Similarly, when & = n, 
(ai)" +...+(@m)” = (b1)” +...+ (bm)” 
(a, +T)? +...+(QmtT)” = (br +T)* +...+ (6m +T)” 
=> (a1)" +... + (Qm)” + (1 +P)? +... + (6m + TP)” 
= (b1)"+...+(0m)* + (a1 +T)? +...4+ (am +T)” 


Need to check for k= 1+1 


(a,)"*+ #5, + (Gy) re (by “ft fe ce (bin a yer 
= (bt 4... + (bm)? + (a +H TYP t+ (Qn + TO 


(a1)"P +... + (Gm)? + eae betty ae bP +... aes pat 
0 n+l 
det ote ts petty a a eee n+1 qa 
al n+l 
es n+l atl ae a4 n+l\ » el ne 
Sha Sarena +|( 0 Jar +( 1 pat tee + ate T 
m+1\ nti y (Mtl) on oe er 
+4] 0 ar + 1 Gayl Fas + haa sh 
n wT) nasi n+l np n+l si) 
CT ‘Darr Ea) Feet] pombe tly 
n+l a” n+l nm+1 n+l 7 n+l ve 
ad a, - 
=e Ja oy oe 7 + 1 Gy T+ + el 
a 1 
> (“T*)rer+.. +0] 4.. + ("4 Jom tt bm) +m [(** Jr] 
ne n+1 
+ 


=("T*)riar+.. tan)]+.. +("* "as +. + aq)-+¢m|(" 72 )re] 


Setting S = ("f")T* we can use property 1 together with the assumption to get the 
desired result. 0 


This proposition shows that given a solution we can manipulate the data so that 
the solution is for that of one degree higher. However, in this process it is clear that if the 
given T is not chosen wisely then the size of the solution can be double in the process. 
More specifically a solution of degree 3 with size 4 can be manipulated to a solution of 
degree 4 with size 8. In order to keep the sizes of these solutions down it is clear that 


choosing a T such that some a; + T = a; for some 1, 7,€ Z would decrease the size. To 
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illustrate this begin with a solution [1, 5, 10, 16, 27, 28, 38, 39] =¢ [2,3, 13, 14, 25, 31, 36, 40] 
using the previous theorem let T= 11. The result is 
[1,5, 10, 16, 27, 28, 38, 39, 13, 14, 24, 25, 36, 42, 47, 51] 
=7 (2, 3,19,14, 25,31, 40, 12, 16, 21, 27, 38, 39, 49, 50] 
Note the repeats can be cancelled out to get the final ideal solution 
[1, 5, 10, 24, 28, 42, 47, 51} =7 [2, 3, 12, 21, 31, 40, 49, 50] 


It stands to reason that given a solution in the proper form we can get create a solution 
for a smaller degree. Escott noted that if you reversed the. process stated in proposition 
2 you could create another solution in a method he called integration. This method is 


stated more formally below. 
Proposition 3. Zf [a1,@2,.-.,@m] =« [b1,62,...,bml for some k,m € Z and if a; = b; 
mod h fori € [1,2,...,m] with a; <b; fori € [1,2,...,r] anda; > & fori e[r+1,r+ 
2,...,m, then 
[a,,@1 + T,a, + 2T7,...,b1 —T,...,@,, a, +7, a, + 2T,...,b, -T] 
=k-1 (Ort, Or+1 +P...) Gp41 — Ty... 8m bm +T,..+;m -T] 
The implications of this proposition are easy to see with an example. Consider 
the ideal solution [1,5,9, 17,18] =4 [2,3,11,15,19] where hk = 7. By the first condition 
a; = 6;( mod 7), so the solution has to be reordered in order to properly identify the ajs 
and bjs, ie. [1,5,9,17, 18] =4 (15,19, 2,3, 11]. Note that a; < ); for 7 € [1,2], so in this 
example r = 2. Note that 
41,0, +7,0a,+27,...,b, ~T =1,8,15,...,8 
a2,d9 + T,ag+27,...,b. -T =5,12,19,...,12 


Similarly, 


bo4i,ba41 + T,...,@a41 —T = 2,9,16,...,2 
ba42, ba+2 +7,...,@e49 —-T = 3,10,17,...,10 
bo+3, 6243 + T,...,@a43 —T = 11,18, 25,...,11 


Taking the first four smallest. numbers from the first set and finding the corresponding 
solution in the next set we get the ideal solution [1, 5, 8, 12] =, [2, 3, 10, 11). 
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Proposition 4. If [a1,a2,-..-,;@m)] =p [b1, b2,.-.,; 5m] fork =1,...,2n—1 then 
[T+a,...,.T tam, 7 —b1,...,T — by] =, (P+b,...,0+bm, LT —a,...,T — am] 
fOr he yc 2n, 


Proof. Assume (a1, @2,...,@m] = [b1, 2,..., 5m] fork =1,...,2n7—1. We need to verify 
that is it is for every k =1,2,...,2n.> 
When k = 1, 


(P+ a1) +...+ (0 +am) + (fF — 61) +...+ (0 — bm) 
=(T+b1)+...+ (0+ on) + (T—-—a1)+...+ (LT — am) 
=> ImT + (a1 +... +@m) — (01 +... +m) = 2mT + (br +... + bm) — (a1 +... + am) 
=> (a1 +...+Gm) = 2(b1+...+6m) which is true by the assumption. 


We need to check when k = 2n, 


(T ay)" +... + (T+ am) + (T — 01)? +... + (0 — bm)” 
= (TH+) +... + (T+ bm) t+ (F - 01)" +... + (LP — am)” 


The left hand side of the equation will yield: 


(ey To (7) rt spines oo (as) + 
Lat [ears + jens Nan tet Ge) (am) 
“[Ge- Creer) 

+((7 ie = (7) 2 pe has (on) 


=> 2mT" + (? ray +. +...+0m) + G Pr 2(a3 +. +... + a2,)+ 

an 2 

+ a . +02”) — Reape 
(2) Te? (BF +... + be.) — +r) (D2? +... + B27) 


bo 
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Similarly the right hand side of the equation will yield: 
an 2 
QmT2” + ( i) T lb +. +.0m) + ( 2) 208 +... +02,)+ 


{2 2 
re (sr) OP +...+88) - (7) ran +d 


2 2 
+ (SP) 22h + bak) SPY oRe ++ al) 


So every even term will cancel, to get 


2 
2 “4k TV (a) +... +Gm) +... +2 oe Ta 5 ae) 
1 2n—1 


=2 (*") Tb +... + bm) +... + end :) T(r +... + bet) 


but by assumption [aj, a2,...,@m] = [b1, b2,.-.,bm] fork =1,...,2n—1 
=> 2(7?)T?2"-1(a1,09,...,€m) =e 2(7P)T2"-"(b1, be, ..., 0m), 80 we get the desired con- 
clusion. | 

O 


This proposition states how starting with an odd degree solution can be manip- 
ulated to yield a complete solution to the Prouhet-Tarry-Escott Problem. These solutions 
can also result in an ideal solution if m = n+ 1 we can yield a solution of degree2n + 1. 
For our example, [0, 24, 33, 51] =, [7,13, 38, 50] for & = 1,3,5 where n = 3[Piel0]. Using 


the proposition we see that this odd leads to infinitely many complete solutions 


(PHO oT 9s 51 PaO Pe 35.761) 
=s (T+7,T + 13,7 +38,T +50,T —7,T — 13,T — 38,T — 50] 


If we let T = 5, then we get one of the many ideal solutions 
[5, 29, 38, 56, 5, -19, -28, —46] =y [12, 18, 43, 55, 9, -8, 33, —45] 
Proposition 5. Jf [a1,@2,...,@m] = [b1,b2,...,4m] for k = 2,4,...,2n then 
[T+a,...,2+am,T —a1,...,T — am] =e [T+b1,...,0 +m, T — b1,...,f — da] 


fork =1,...,2n—1. 
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Proof. Assume [a1, 2,..-,@m] =n [b1, b2,-.., bm] for k = 2,4,...,2n. 
When & = 2, 


(T+a)?+...¢(P+am)? + (P— a1)? +...+(P- am)? 
= (T+bi)? +...+ (0+ bm)? + (L—b)?+...4+ (LP - om)? 
(T? + 2a, +032) +... + (T? + 2am + 02,) + (T? — 201 +a?) +... + (T? — 2am + a2,) 
= (T? + by + 2) +... 4+ (T? + 2bm + O2,) + (T? — 2b, + 62) +... + (LT? — 2bm + BF.) 
mT? + 2az+...+a2,) = WT? + 2°07 +... +02) 


Check when & = 2n — 1, 


(T+a) t+... 4 (04 ag) + (P — ay) + (P= a) 
= (T+ bP t+ 4 (D+ Bm) + (TP — 1)? + (TD - ) 


So the left hand side of the equation yields, 


2n-1 2n-1 fan-1 
pen l pan-2 oe 2n-1 Za 
( 0 ) +( rs a+... + on —1 ay + 
2n—1 2n—-1 an — 1 2n—2 2n— 1 2n-1 
+{( 0 \r + 1 T Om bee on —1) om 
2n—1 2n—-—1 2n—-—1 
pan-1 _ 2n—2 i 2n-1 


2n—1\ pan1_ (2-1) 7 2n-2 2n—1\ ont 
+ |( 0 \r ( 1 T Amt... on —1)%™ 


So all odd powers of a; will cancel out for all 1 < a; < 2n —1. So we get, 
2n-1 2n-1 
2m( "$ amt +a "3 )2%-8(@8 + of-+...bah)+ 


2n-1 
+2007 5) Ted + aft +... + of) 


Similarly the right hand side would be, 
2m es ‘) | Seam eo ‘) 1 ed (ae 


an—1 
1 2ST) TCR OB + +O) 
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The 2m(?"~1)72"-1 would cancel. By assumption, [a1,a@2,...,@m] =x [b1, 62)... bm] for 
k= 2,4,...,2n. 

=> 2(7F Tn 4V (ay bag +... +m) = 27H) T2PFHD (by + bp +... + Om) 

To get the desired conclusion. Oo 


This proposition is similar to the previous one except we are starting with an 
even solution. Similarly, starting with an even solution we can get a complete solution 
ifm =n+1 we will get a solution of degree 2n +1. For our example, [2, 16,21, 25] =; 
[5, 14, 23, 24] for k = 2,4,6where n = 3[Piel0]. Using the proposition we see that this 


odd leads to infinitely many complete solutions 


Pee Tee THT 496, 7 H27 S167 — 71,7 35) 
=, (T+5,T + 14,7 + 23,7 + 24,7 —5,T —14,T — 23,7 — 24| 


If we let T = 3, then we get one of the many ideal solutions 


(5, 19, 24, 28, 1, -13, -18, —22] =r [8, 17, 26, 27, -2, —11, —20, —21] 
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Chapter 5 


Prouhet-Tarry-Escott Problem 
Revisited 


The following result is well known and it follows easily from Newton’s identities. 


3 s 
Proposition 6. Let p(x) = [l@ —c) and g(x) = [[@ —d,). Then {c1,c2,.--,¢s] =k 
[di,do,...,ds] if and only if p(x) — q(x) is a polynomial of degree s —k—1. In particular 
if (C1, C2,--+,Cs] =x (di, do,...,ds] thens >k+1. 


This proposition is a special case. of Theorem 1 from the Basic Properties Chap- 
ter in which the proof was given. 


The theorem below is attributed to Golden. 


k+1 
Theorem 2. If [c1,c2,--+, x41] =x [d1, d2,-+-,de41] is an ideal solution and SG =0, 
= 
ke-t1 k+l . 
then ys oft? _ S- det? = Q). 
i=1 i=1 
k+1 k4-1 
Proof. The condition De = 0 implies that Sod; = 0 and thus the corresponding 
i=1 i=l 


polynomials, p(x) and g(x) from Proposition (6) are of the form p(x) = x*+!+a,_12"-14 
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+ +a;a +a and g(x) = ot! + a,_yr*-1+.---+ aye +b. Since p(c;) = 0, we have 


k-+1 k+41 k-+1 k+1 k+l 
1= Sone) = Dd taadde ta Ld rade 
t=1 i=l i=l i=l 

k+1 ae k+1 

= id sory tard 

i=1 t=1 


and similarly 


k+1 k+1 k+1 k-+1 
0= S~ dip(di) = So det? + any Saf +--+, di 
i=1 i=1 i=i i=1 
k+1 k+1 
By subtracting the last two equalities we obtain > cht? > dk+? — 9, O 
i=1 i=1 


A simple observation that [c1,c2,...,¢s] =x [di,d2,...,ds] if and only if the 

function F(x) = Slee Stet i® satisfies F(0) = F’(0) = --- = F*(0) =0 prompts us 
i=1 a=1 

to study the functions of the form F(x) = > a,e"” where a,’s and b,’s are integers. In this 


i=l 
mm 


chapter we will refer to a;’s are the coefficients and to 0;’s as the nodes of F(x) = S> ae 
mn i=l 
Let Y= 1 aye : a,b; € Z and N $ denote the set of all such functions. If F,G ¢ U, 
then clearly F -—GeéW and FG ¢€ ¥, thus V is a commutative subring of C°(R). A 
nonnegative integer & will be called an order of F € W if F(0) = F’(0) =--- = F*(0) =0. 
It will be convenient to assign order of —1 to F € W for which F(0) # 0. The reader 
should keep in mind the equivalent definition of order that is, FP has order k > 0 if 
Sta: = 0, Saw: = 0,..., Dab¥ = 0. Notice that according to our definition if F is 
order k then it is also of every order that is smaller than k. The number of distinct 


nodes, };’s, will be called the size of F and by ||F'|| = > |a;| we denote the norm of F. 
From Proposition (6) it follows that ||F|| > 2k+ 2 and thus an ideal solution of Prouhet- 
Tarry-Escott problem of order & equivalent to finding a function F € W of order & with 
|F'|| = 2% + 2. 

Proposition 7. if F is of order k, then the size, m, of F satisfies m > k + 2. 


Proof. If c;’s are distinct integers then the vectors {¢; := [1,ci,c?,.-.,cf] an are linearly 


“¢ i=1 


independent. This follows easily from the fact that the determinant of a matrix whose 
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column vectors are {c;:i=1,...,4+1} is Vandermonde determinant. and this it is not 
equal to 0. Now the system S>a; = 0, 5° aj = 0,..., axbé = 0 is equivalent to 
5 a;b; = 0; thus if there are fewer than (k + 2) distinct };’s then each a; = 0 making 
F=0. D 


The following Leibniz rule for higher order differentiation will be frequently used. 


Proposition 8. If f and g are two functions that are n times differentiable at x, then 
fg is also n times differentiable at x and 


(F0)%@) = (7) FIC) 


i=0 


Proposition 9. If F is of order k and G is of order r, then FG is orderk+r+1. 


Proof. First. assume that k > 0 and r > 0. By Leibniz rule, 


(k+r+1) (9) — = ‘ Pes "| (gy qetr+1—2) 
(FG) (0) > 4 JFOMS (0). 
Iii < k, then F(0), while ifi > k then k+r+1-~-i%< r and hence in this case 
Giktr+1—9 (0) = 0. Similarly one shows that FG (0) for all0 <1 <k+r. If k > 0 and 
r = —1, then FG is of order k follows from Leibniz rule again. If k = —1,r = —1 then 
FG is at least of order —1 by definition. O 


™ 
Proposition 10. If F(x) = > ae? is of order k then for any integers c and d the 
i=1 


Mm 
function G(x) = oe ae4%t)" is also of order k. 


i=l 


m 
Proof. Write G(z) = So aje™*e. Then by Leibniz rule, 


i=l 


I 


GMO) =>- (}) di! 5 aidhe-* = 3 (;) dd FO (0) 
i=l 


i=0 i=0 
which is 0 for O <i <k. oO 


It follows from Proposition (9) that if F has order k then FG has order at least 
k. The next result is also attributed to Gloden. 
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k+l 
Corollary 1. Jf [e1,c2,-:-,¢e+1] =n [d1,do,---,dk+1] ts an ideal solution, c = Soci 
= 
k+1 k+1 
then F(x) = yea ~ Slane is also an ideal solution and moreover 


4=1 i=1 
F(e+2) (9) = 0. 


Proof. By Proposition (10) F(z) is also an ideal solution. The nodes, {(k -+ 1)c; — cht} of 


kel ke-l kd 
F(a) satisfy $“((k+1)e:—¢) = (k-+1) S“ci- >> = 080 by Theorem (2) F**) =0. O 
i=1 i=1 i=l 


An immediate consequence is the following corollary. 


Theorem 3. Let F(x) = Sa, ec be of order k but not of order k +1. Then there is 


i=1 
m 


a unique number c such that G(x) = Sayles is of order k and G&*+2)(0) = 0. 
= 
(k+1) Ft?) (9 ‘ 


Moreover c= (k+2) PUFIT(0) 


Proof. It. follows from Proposition (10) that G(w) is of order k for any c. By Leibniz rule, 


atta =5- (44) ea ntr Oooh 


i=0 
= (k-+ 1)*t? Ft) 9) — of + 2)(k + 1) ROHN (Q) 
eet eek ep | (REL) EE+2) (0) 
which is 0 if and only ife¢ = (e+D) FPF (0) ; CO 
The next Corollary is an immediate consequence of Corollary (1) and Theorem 
(3). 
mm 
Corollary 2. ff F(a) = > ae” is. an ideal solution of order k, then 
oe Pas 
(K+1) ajbft? = ps |ag| bg(k + 2) 5 agb 
i=l tl 
™m k+1 
Proof. By Corollary (1) G(x) = Soa; 2% where ¢ = Sia = = +: |a;| b; satisfies 
i=1 t=1 t=1 
kei Plb+2) (9 
Gl*+2)(0) = 0. By Theorem (3) c= araae ‘Of O 


The following result might be interesting in its own. 
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Mm n 
Lemma J. If So ab! =0Q for 7 = 0,1,...,& and So adi =0 forj =0,1,...,r then 
l=1 


ei 
mm Tr ™m Tm 
k 2 | 
) y cse(bs + ar? = ( ae ) S abet? S ca. 


j=1 [=1 a1 f=1 


™m nm 
Proof. Let F(x) = S| aeh* and G(r) = Se ce%*, By Leibniz rule, 
i=1 t=1 


k+r+2 
PG(R+r+2) (0) = S- (* + : + ”\ (0)Gtr+2-# (9), 
7=0 


Since for i < k, F(0) = 0, and for i> k+2 then (k+r+2—i<r),G*t+?-9(0) =0 

the last equality simplifies to FGO+7+2)(0) = (FET+?) PFO+D (Q)Get) (0). oO 

Proposition 11. The function (e* — 1)"*+ is of order n. 

Proof. Let F(x) = e® —1 = e* — e. Then F is of order 0. By Proposition (9) F(z) is 

of order 1, F?(x) = F*(x) F(a) is of order 2, and so on F?*1(z) is of order n. O 
Since the nodes of (e7 — 1)"*! are 0,1,...,(n2+1) by Proposition (7) it follows, 

that the maximum order of (e* — 1)"*? is n. In fact the following is true. 

Proposition 12. Let F(z) = (e? —1)"*!. Then F@*) (0) =n +1. 

Proof. Let G(x) = (e” — 1)” and g(x) = e* — 1. By Leibniz rule, 


n+l : 
B+) = ("Ta MaVgm4-%(0), 


i=0 . 
Since G is of order n — 1, the last equality reduces to 


FO (0) = G+ (0) (0) + (n+ 1G Og’ 0) 
= (n+1)G™(0) 
Now the proof can be completed by induction on n. O 


Proposition 13. Let F(x) = (e* — 1)"*1. Then ||F\ =2"*1. 


n+l n+1 i 
Proof. From F(z) = a ( : \(-ytes we get 
i=0 
n+ 


mel : 
IFI=>o{ i \=a+pmtert 


i=0 
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Proposition 14. A product of r consecutive integers is divisible by r!. 


Proof. We have to show that if r is a positive integer, then r! |(t+1)(t+2)---(¢+r) for any 
integer t. The proof is by induction on r. Clearly it is true for r= 1. Now assume that 
there is an r > 1 for which the statement is true. Let p(t) = (t-+1)(t+2)--- (¢+r)(t+r+1). 
From the identity p(¢+1)—p(¢) = (r+1)(¢+2)---(é+r+1) and the induction hypothesis 
ri|(r + 1)(¢+ 2)--- (+741), since the'right hand side is a product of r consecutive 
integers it follows that (r + 1)! |p(¢ + 1) — p(é) for every t. If f > 1 we write p(t) = 
(v(t) - ptt — 1) + (olt - 1) - pt - 2) ++ + (CL) — p(O)) + (r + D)! and because 
(r +1)! divides every term on the left hand side we have (r + 1)! |p(t). If t < 0 we write 
p(t) = (p(t) — p(t + 1)) + HEF 1) — ve + 2)) +--+ + (o(-1) — pO) + (+1)! and again 
we conclude that (r + 1)! |p(t). O 


Theorem 4. if Fis order k then (k +1)! divides F(0) (= > aif”) for every non- 

negative integer r. 

Proof. If r < k this is obvious since in the case F((0) = 0. Assume that r > k. Let 
T 


pr(t) = (€+1)4+2)---+r) = Doge. If } is an integer then p,() is a product of r 
=0 
consecutive integers and thus r! |p,(b). Thus r! \S> ap, (b;). But 


Yo apr (bi) = D7 a4 SS eb 
j=0 


= Soe Diab 
7=0 


k rol 
= Dg FOO) + DT FOO) + FOO) 


j=0 jak+1 
r—1 

= So og FO) + F™(0) 
jHk+1 


We complete the proof by induction on r > k. For r = k+1 the previous equality simplifies 

to S| aipr(bi) = F)(0) and hence (k + 1)!|F)(0). If the statement is true for some 
T 

r > k+1 then from (r+1)! S- QiPp+1(bj) the identity S aiPr 41 (b;) = > cj FI) (0) + 


jok+1 
F+ (0) and induction hypothesis it follows that (& + 1)!|F°+) (0). Oo 
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™m 

Corollary 3. /f F(x) = So ase is an ideal solution of order k, then (k + 2)! divides 
i=1 

FR) (0), 


Proof. By Corollary (2) (k + 2) divides F*?)(0), By Theorem (4) (kK + 1)! divides 
Flk+2) (9), 0 


™m 
Theorem 5. A function F(x) = sae where b) < bg <-+- < bm ts order k if and 


i=l 


d 
only if F(x) = e&* SS ci(e™ — 1)*** where cj are integers and d = bm — b1 — k. 


i=1 


d 
Proof. If F(x) = e!* » ce*™ then by Proposition (11) and the comment after Propo- 


f==1 
™m 
sition (9) the order of F is at least k. Next assume that F = S aie’ has order k. 


First we will assume that 0 = bj. By Proposition (7), bn > k 27 aud by Proposition 
(12) 450 is an integer c. Let Fi(s) = F(z) - e(e* — 1)**. By Proposition (12) 
FRY (9) = FED (CQ) — Faw (k +1)!=0 so Fi(z) is of order k+1. Since the nodes of 
cy(e™ — 1)**! are 0,1,2,...,4+1, we have F,(z) has order & +1 and nodes between 0 
and bm. If bn > k+2, the same argument applied to F\(z) shows that there is an integer 
cp such that Fo(%) = F(a) — co(e? — 1)*+? = F(a) — ce (e7 — 1)*+! — c2(e* — 1)**? has 
order k + 2 and nodes between 0 and b,,. Notice that continuing this argument the order 
is increasing by 1 while the nodes remain between 0 and b,,. We continue this argument 
until the order, k +d of Fg satisfies k +d = bm. By Proposition (7) Fy(a) = 0. Hence 
in this case F(x) = See — 1)*+*, If b; 0, then we can apply the argument to 
F(x)e~®*, for the in this case F(x)e~"* has order & and its nodes that start at 0. 

0 


Mm 
Corollary 4. The coefficients a;’s and the nodes by < bo <...< bm satisfy S- a:bt =0 


i=1 


™m 
forr =0,1,...,% ¢f and only if So ajax" = 2°!(¢—1)**1p(x) where p(x) is a polynomial 
. i= 
with integer coefficients. 


Proof. The proof follows immediately from Theorem (5) with the substitutions =e”. O 
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If F(z) is of order k, then by Proposition (9) F(«)(e” — 1) is order k +1. The 
next corollary states that the converse also holds. 
m 
Corollary 5. If F(x) = SS aieh* where 0 < by < bo <--- < bm is of order k then 


i=l 
there is G(x) with nodes between bi and bm +b, —1 such that G is of order k —1 and 
F(z) = G(ax)(e* — 1). 


m m m bj-1 
Proof. We can write S aie”? = S> aie? — 1) = (e* -1) Sai » e*, Let G(x) = 
i=1 i=l i=1  j=0 
m b:-1 : d ; 
Sai Ss; e!*, Then by Theorem (5) (e7 — 1)G(x) = e!* So ci(e® —1)***, Thus G(z) = 
i=1 = j=0 i=1 
d-1 
eb S ci(e* — 1)*** and hence it is of order k — 1. Oo 
i=0 


Proposition 15. Let F(z) = (e* —1)"t1. Then F(+2)(0) = 2£1(n + 2)1. 


Proof. The proof is by induction on n. For n = 1, direct calculation shows that F)(0) = 
232 = 6 = 231. We write F(x) = G(x)(e" — 1), then by Leibniz rule F("+2)(0) = 
(n + 2)G+ (0) + (74?)G"(0) and by Proposition (12) and the induction hypothesis 
F(m+2)(Q) = (n + 2)8(n + 1)! + SEM yg! — 242 (y+ 9)! oO 


The following corollary should be compared to Corollary (3). 


Corollary 6. Let F(x) be of order k, then for k odd (k +2)! divides F‘*+*)(0) while for 
k even 1(k +2)! divides F+?) (0). 
d . 
Proof. By Theorem (5) F(x) = e* Ss c;(e* — 1)*** and so 
i=1 
FO+2) (9) = (6 (ey (e* — 1)*#1 + o9(e% — 18+) 


|z=0 
k+l t | ! 
T= (+2) boa(-+ 2)I+(b + 2)(6 + 1)! 


= ch 


Now if k is odd (k + 2)! divides the left hand side of the last equality, while if k is even 
then §$* is not an integer so the best that can be said in this case is that 3(k+2)! divides 
F(k+2)(Q), oO 


The last two theorems use ideas from Wright [Wri59], to give a combinatorial 


solution to Prouhet-Tarry-Escott problem. Our results are slightly better than that of 
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Wright since unlike his solutions, we. will show that there are solutions with distinct 


integers. 


Mery) 


Theorem 6. For every k there is ans < +1 such that the system [a1,a2,...,@s| = 


[b1, b2,..-,b3} has an integer solution. 


Proof. Let s be an integer to be determined later. To each collection of s distinct numbers 
{a1,a9,...,as} C {1,2,...,n} we will assign an “address” (a1, a2,...,@%] where for 1 < 
i < k the th term is defined to be aj = af +ah+...+a%. Since a1 < snag < 


2 k - 2 k  gha, SAtY a. 
sn*,...,a, < sn” there are fewer than six sn° x---xsn” = s"n” 2 different addresses. 


On the other hand cae are (") different collections of s distinct numbers {a1, a2,...,@s}. 
mor 
Thus if (") > s*n 7 there will be at least two different collections sharing the same 
address. But two collections {a1,a@2,...,a@;} and {b,b2,...,b,} share the same address 
if and only if [a1,a2,...,@s] = [b1,b2,..., bs]. So it remains to show that for sufficiently 
k(k+-1) ; “oe pp BeELD : 
large n, and for s < ~3—~ + 1 the inequality ( ) > sn” 3 has a solution. For fixed s 
we can think of (%) = Get ~X(no (ett as a polynomial in n and of degree s. Hence 
if this polynomial has a larger a a the degree of the polynomial stn" 3 then 


for all large n we will have ) > skn* F". But this is the case if s = Ret) +1. Note 


Coa) 


that it is possible to have s < + 1 in the case that some of the terms in the two 


collections are the same. O 
The last proof can be easily modified to give us the following stronger result. 


Theorem 7. For every k, and every p there is s < Herd) +1 such that the system 
[a11,@12,...,@1s] =x [a21,@22,...,@25] =K -*> =k [@p1,Op2,-.-,Aps] =K has integer solu- 
tions. 


: : : R(R+1) 
Proof. It is enought to prove that for s < ua) +1 the inequality (") > ps*n” 2 has a 


solution, for in this case there will be at. least p distinct collections, {@1,@12,:--,@1s},---, 
{@pt,@p2,°*+, Gps} to share the same address. But as in the proof of Theorem (6) this 
inequality will certainly have a solution if the degree, s of the polynomial is greater than 


the degree, Rr) of the polynomial psn S, oO 
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Chapter 6 


Conclusion 


The Prouhet-Tarry-Escott Problem is still unsolved and requires more research. 
This thesis has included the necessary background and history necessary to understand 
the origin of the problem. In addition it has shown the known properties the problem 
possess in order to show how new solutions can be acquired. The previous chapter 
showed the problem in a new perspective in order to find and verify new properties. The 
final theorem in the last chapter is a small contribution in the effort toward solving this 
problem. Though this result.is only slightly stronger than Wright’s, it shows how progress 


is being made toward the ultimate goal of solving this problem. 
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